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Abstract. We prove that if the unit codisc bundle of a closed Riemannian 
£L[ manifold embeds symplectically into a symplectic cylinder of radius one then 

the length of the shortest nontrivial closed geodesic is at most half the area of 
the unit disc. 



1. Introduction 

Consider a metric g on the unit circle S 1 = dD. After a reparametrization by 
arclength g — r 2 go becomes a positive multiple of the standard metric on S 1 . If 
the unit codisc bundle of (S 1 ^) embeds into the unit disc D preserving the area 
and the orientation then 

21ength 9 (S' 1 ) < tt, 
which is equivalent to r < \. In other words 

infG?) < \, 

where inf(<7) denotes the length of the shortest nontrivial closed geodesic. We 
prove that this inequality has a symplectic generalization for any closed Riemannian 
manifold (L, g) such that its unit codisc bundle D* (g)L has a symplectic embedding 
into the cylinder Z = Dx R 2n ~ 2 (provided with the standard split symplectic form) . 
In fact, in dimension > 4 it is only required for the symplectic embedding to exist 
in a neighbourhood of the unit cosphere bundle S*(g)L, see Corollary 13. 31 

For the proof of this result we introduce a capacity £, see Theorem 13.11 For a 
given set U, I measures the largest minimal total action of null-homologous Reeb 
links on a contact type hypersurface in U diffeomorphic to a unit cotagent bundle. 
This is a variant of the capacity introduced in [TU] , cf. [T5] . It fits into a larger 
class of the so called embedding capacities, see [4] . 

The first of these embedding capacities appeared in the unpublished work [5], 
cf. [J]. In [5] Cieliebak and Mohnke defined a Lagrangian embedding capacity for 
2-connected symplectic manifolds (V, oj) 

c l (V,u) := sup{inf(L) | L C (V,u)}, 

where inf (L) denotes the least positive symplectic area of a smooth disc in V with 
boundary on L. Here the supremum runs over all Lagrangian tori in (V,u). Its 
values on the unit symplectic cylinder Z , unit ball B, and unit polydisc P are 

7T 

c L (Z) = 7T, c L (B) = -, and c L (P) = it. 

n 
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This capacity gives an alternative proof of the Ekeland-Hofer non-squeezing theorem 
Corollary 3] , which states that if the polydisc 

P(ri, . ..,r„) := D ri X ... X D rn , 

with radii < r\ < . . . < r n , embeds symplectically into the ball Br of radius R, 
then i/n T\ < R. Generalizing to arbitrary Lagrangian submanifolds, one obtains, 
as in Swoboda and Ziltener's work |15[ 116) . a symplectic capacity cl < cll for 
2-connected symplectic manifolds (V, ui) via 

a L (V,uj) := sup{inf(L) | L C {V 7 lu) closed Lagrangian submanifold} , 

such that 

TT 

(Il(Z) = TT, cil{B) > —. 

The precise value on the unit ball is not known. In fact Swoboda and Ziltener a 
capacity to a large class of coisotropic submanifolds for every possible codimension 
and prove non-squeezing results for so-called small sets, see [T5| [16]. 

Theorem 13.11 can be seen as another example in this direction. Moreover, in 
Corollary 12.31 and 12.61 we give further non-squeezing results for Lagrangian sub- 
manifolds, using Chekanov's elementary tori, see [2], Damian's proof of the Audin 
conjecture, see [6], and Lagrangian embedding capacities, which we introduce in 
Section EJ 

2. Measuring the area 

We are interested in special capacities a on the standard symplectic vector 
space R 2n , which are (1) monotone on subsets of R 2n , i.e. a(U\) < a(U2) provided 
U\ C U2, (2) invariant under global symplectomorphisms of R 2 ™, (3) conformal in 
the sense that a(rll) = r 2 a(U) for all U C R 2 " and r £ R, and (4) satisfy 

a(Z)<oo, a(B)>0, 

see [12] p. 172]. The aim is to measure the minimal symplectic area inf (L) of closed 
Lagrangian submanifolds L in R 2 ™ among all smooth discs attached to L. In other 
words we consider the Liouville class Al = [A|tl] for any primitive A of dx A dy. 
The image of Hi(L;Z) under Al generates a subgroup of R. If this group is 
discret, we call L rational, and inf(L) is the positive generator of Ax,; otherwise 
inf(i) is zero, see [13] , 

For our first version of a special capacity we consider for real numbers 

< n < . . . < r n 

the elementary Lagrangian tori 

T(ri, ...,r n ) := dD ri x . . . x dD rn 

in R 2 ™. Notice, that inf(L) = ixr\ if the radii r±, . . . , r n are rationally independent. 
We call two closed Lagrangian submanifolds of R 2 ™ symplectomorphic, if there 
exists a global symplectomorphism of R 2 ", which maps one to the other. It follows 
from [51 Theorem A] that the first radius 

ri = ri(L) 

of a Lagrangian torus L symplectomorphic to T(r±, . . . ,r n ) is an invariant under 
global symplectomorphisms. 
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Theorem 2.1. For subsets U in R 2n , the quantity 

a e (U) :=sup{7r(ri(L)) 2 |Lc U}, 

where the supremum is taken over all Lagrangian tori L symplectomorphic to an 
elementary torus, defines a special capacity in R 2n such that 

7T 

a e (Z) = 7r, a e (B) = -. 

n 

Proof. We only have to verify the normalization axiom. For the lower bounds con- 
sider the tori T\ and T X j^, which have minimal symplectic action 7r and ir/n. To 
obtain upper bounds consider a Lagrangian torus L in R 2 ™, which is symplecto- 
morphic to the elementary torus T(r\, . . . ,r n ). For r% = r\(L) the values of the 
first and n-th Ekeland-Hofer capacity of L are 

c™(L) = irrf, e™(Z) = mrr 2 , 

see Theorem 2.1]. The claim follows now from 

cf«(Z) = n = c™(B) 

and the monotonicity property of the Ekeland-Hofer capacities, see [7J. □ 

Remark 2.2. Because cf H takes the value irr 2 on the polydisc P(r%, . . . ,r n ) the 
proof shows that a e (P(ri, . . . , r n )) = irrf. 

As a direct consequence of the theorem, the torus T(r\, . . . , r n ) admits a global 
symplectic embedding into the symplectic cylinder Zr of radius R if and only if 
7"i < R. This non-squeezing result follows alternatively from the stronger [3} Main 
Theorem] , which gives an upper bound on the area of a non-constant holomorphic 
disc (for example for the standard complex structure) attached to T{r\, . . . , r„) by 
its displacement energy. The rational case was observed by Sikorav in [14]. Note 
that Sikorav's theorem implies the general case by approximating irrational radii 
by rational numbers. 

Corollary 2.3. If the torus T(ri, . . . , r n ) admits a global symplectic embedding into 
the ball Br of radius R, then y/n r\ < R. 

Remark 2.4. This follows alternatively with the Cieliebak-Mohnke capacity, see 
[5], via an approximation by rational Lagrangian tori. 

A second special capacity for M. 2n can be constructed as follows: Consider closed 
connected monotone Lagrangian submanifolds L C R 2 ™, which admit a metric 
of non-positive sectional curvature (and are therefore, by the Hadamard-Cartan 
Theorem, aspherical). Notice, that L is allowed to be non-orientable, so that for 
example in dimension 4, the curvature condition is not a restriction, see [11[ O.4.A2]. 

Theorem 2.5. For subsets U in R 2n , the quantity 

a m (U) := sup{inf (£) | L C U}, 

where the supremum is taken over all Lagrangian submanifolds L C R 2 ™ as described 
above, defines a special capacity in R 2n such that 

a m (Z) = 7r, a m (B) = -. 
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Proof. We only have to show that a m {Z) — n and a m (B) = n/n. The tori T\ and 
^l/Vn yield lower bounds. Uniform upper bounds are obtained as follows: Consider 
a Lagrangian submanifold L c K. 2n as above. Because L is monotone the Liouville 
class Xl and the Maslov class are related by 

for some r\ > 0. By Damian's proof of the Audin conjecture we find a closed curve 7 
on L, such that < 2 (equality if and only if L is orientable), see [51 Theorem 

1.5. (a)]. This gives 

inf(L) < A L ( 7 ) < 2t?. 
Moreover, by Bates [JJ Theorem 3], the fc-th Ekeland-Hofer capacity satisfies 

2k V < cf H (L), 

where the curvature condition is used, so that 



inf(L) < 



cf H (i) 



k ' 

The claim follows now from the properties of the first and n-th Ekeland-Hofer 
capacity. □ 

Corollary 2.6. Let L C Br be a closed connected Lagrangian submanifold. Then 

inf(L) < -R 2 
n 

provided L is monotone and admits a metric of non-positive sectional curvature. 

Remark 2.7. The case of monotone tori follows from the Cieliebak-Mohnke ca- 
pacity [5]. 

3. Measuring the length 

For irrational Lagrangian submanifolds the symplectic area can be arbitrary 
small, thus not giving a sensible invariant. But the length of closed unit speed 
geodesies on L for certain Riemannian metrics is an alternative way to measure the 
size of Lagrangian submanifolds L symplectically. 

[HI [TU] construct a capacity 

c(V,ui) = sup{inf£(a) | 3 contact type embedding (M, a) (V, lj)} 

for all symplectic manifolds (V, u>) with dimension > 4. Here inf^(a) is the infimum 
of the total action of null-homologous Reeb links on the closed contact manifold 
(M,a). The supremum is taken over all embeddings j: M ^ V, such that near 
j(M) there is a Liouville vector held Y for uj such that a — j*(iyu>). Notice that 
this is equivalent to da = j*ui for the contact form a, see [TU p. 119]. 

If one restricts, in the definition of c, to manifolds M diffeomorphic to the unit 
cosphere bundle S*Q of closed Riemannian manifolds Q, one obtains a capacity 
which we denote by I. 

Theorem 3.1. For symplectic manifolds (V,ui) with dimension > 4, the quantity 
£(V, uj) is an intrinsic capacity such that 

£(Z) = 7T, 1(B) > -. 

n 
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Proof. Because of £ < c we only need to compute the values on the ball and the 
cylinder. Identify the cotangent bundle of the unit circle 5* 1 = dD with (Ix S 1 , sdt) 
and consider polar coordinates on C, such that the radial Liouville primitive of 
the standard symplectic form becomes ^r 2 dd. For a > we define a symplectic 
embedding 

(fi a (s,t) = \Ja + 2s e lt 
of {s > — |} into C. The image of the 6-codisc bundle 

D^S 1 = {-b,b) x S 1 , 

be (0, §), is the annulus 

A(a, b) = ^4 v ^+26 jV ^T2b = ^v^+2fe \ -^V^26- 

For real numbers ai, . . . , a n , bi, . . . , b n with < bj < for j = 1, . . . , n the em- 
bedding 

cp ai x ... x tp an 

maps D^S 1 x . . . x D^S 1 onto the polyannulus A(a\,bi) x . . . x A(a n , b n ) sym- 
plectically. 

In order to compute the quantity I we consider the 6-cosphere bundle S£T n of 
the flat torus T n = R"/27rZ" with the canonical contact form. Each closed geodesic 
induces a null-homologous Reeb link with two components, corresponding to the 
opposing orientations of the geodesic. Hence, the smallest total action inff equals 
47T&, see [SI Section 1.5]. Because the &-codisc bundle D^T 71 is contained in (DIS 1 ) 11 
the images of the 6'-cosphere bundles under (ip a ) n for b' < b are hypersurfaces of 
contact type. Taking the limits a\. ^ and b^ i, rcsp., a| ^ and 6f proves the 
claim. □ 

Remark 3.2. For e > sufficiently small the disc of radius 2\fb — e embeds into 
the square (—6, 6) x (0, 27r) preserving the orientation and the area, cf. [12j p. 171]. 
Composing this with ip ai x . . . x ip an appropriately yields an symplectic embedding 
of the polydisc 

P(2sjb x -£,..., 

into the polyannulus 

A(ai,h) x ... x A(a n ,b n ) C P(\/ai + 2b 1: ^ a n + 2b n ) . 

Therefore, as in the proof above, one shows that ^(P(ri, . . . , r n )) = nrf. Moreover, 
if we consider the metric on T™ induced from 1" we see, together with the remark 
after pU Theorem 4.5], that 

£(D* b T n ) = 47T&! = ((D^S 1 x ... x D^S 1 ), 

where we assume that < b\ < . . . < b n . 

Consider a closed monotone Lagrangian submanifold L C R 2 ™, which admits a 
metric g of non-positive sectional curvature. By Weinstein's neighbourhood theo- 
rem [T7] there exists r > such that the r-codisc bundle of L embeds symplectically. 
We denote its image by U r C K 2 ™. Then [TJ Theorem 2.1] implies that for all k e N 

inf(L) + rinf( 5 ) <cf H ([/ r ), 

where inf(<?) denotes the length of the shortest nontrivial closed geodesic of (L,g). 
In particular, if U r C Zr then rinf(g) < ttR 2 . This observation generalizes to the 
following non-squeezing result. 
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Corollary 3.3. Let (Q,g) be a closed Riemannian manifold. If a neighbourhood 
of the r-cosphere bundle in T*Q embeds into Zr symplectically, then 

2rin%) < nR 2 . 

Proof. The claim is an application of the capacity £. Notice that mii(a r ) = 2rinf(g) 
if computed with respect to the restriction a r of the canonical Liouville form to 
TS* r {g)Q. □ 
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